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ABSTRACT

Most of the wells in Asian couucries are dug weils of large diameter
with huge amounts of storage in them, Lnhe application of existing
mechods elither tor modelling tn# aguifer or for simuiating the
drawdown history wouwid be errcew. 3 in such cases, Hence a study of
trapsient flow towards finite uismetar wells with storage has been
attempted, witn a view to develop type curves required ror the
idantification of agquifer parameterses

Tnis paper deals with soiution tcr fully screened wells in contined
aquifers considering the flow towardas the wells to be non-linear and
goverued by Purchhsimer law, A digital moael based on the finite
alemsnt techoique was developed and analysea ror the case of weils with
storage., An attempt has been made to general ise the soiution and type
curves nave buen presentad at aiscrete distances from the uischarging
well for the aifferent storage parameters and for parameters iaencifiea
to define the non-iipear flow. From the caitical observationa of
these type curves, ' storags affected zone ' 1 {dﬂﬂamted in spatial
and temporal coorainates, The comcept of ' t Tdeviation * and

' time of merging ' is introduced and the affect of Forchneimer
parameters has been studied. A simple method has been suggested to
aetermine the transmissivity of the aquifer from the early time recarda
cf pumping nistory.

¥ RODUCT ION

The formulation of strcteyy for the optimal management of the ground
watsr demands a kmowledge of the relationship between the pumpages in
the well wo che drawdowns ip the aquifer in spacial and temporal
coordinates, ~roough, there are several such relationships availapble
in well nydraulics, most of them cconsider the aischarging well to be a
line sink, and do mot consider the storage in the well., A.iso, the
validity of the Darcy law has been taken granted even in thes close
vicinity of the well, Howswver, most of the welils in Incia are dug
wells of large dismeter with nuge amounts of storage in tatfgﬂaro

used mainly for arrigarion purposes where nuge amounts cf water 1s
drawn trom them, causing neavy drawaowns. 1In such cases, the valicity
of linear Darcy iaw i1s nighly questionaple., Hence, a study of ctransient
flow vowards tinite diameter wells with storage gowerened py the
Forchhaimer iaw has been attemptea, with a view tO cevelop type curves
required for the identificacion of aguifer parametsrs. In the present
anvestigation, a digital mudel pased on the tinite element technique

is cevelopea and used to obtain the soiutions for fully screened wells
101



with storage in confined aquifers, An attempt has been made to gener=
alise these soiutions and type curves nave been presented at aisciete
distances ixrom che aischarging well,

FORCHHE IMER EQUAYLION

fhe limited valddity of Lurcy's law has lea o the sugyestion of
relatiunship that wouid be true uver all che flow ranges encountered .
rorchieimer (1901) prupused an ejuacion of the torm

1=uV+DV2 (1}

wnere
i = absolute hyurauiic yracient,
V = absolute macruscopic veloucity, and
4,0 = Forchheimer Cu.ificients signifying
the viscuus and inercial terms
respectively,

when the _bsulute macroscopic velucity is sufficiencly small,
=quacion 1 is reauced to

1= 4V (1a)

where
a = 1/K, K being nydraulic coauuceivity

nence, the validity Jf the equation 1 is assured uver the entire fluw
womdlie  silvugh, there are wany other icmms of relacionships to
uesC.ibe wne uon-linear law, 1t is yenerally agreeu uwon chat che ion.
suggesteu Dy equation 1 is the most appropriate, Ergan et al (1949),
Engelund(1953), Anmea et al (1969) and many others adopted the
Furchheimer equation to aescribe the non=Darcy rlow,

MATHEMETICAL MODEL

A brief description of the flow rield and the assumptions invulved in
ldealising the same are given below:

A ulagramatic sketch of a fully screened well with storage in a confined
aquifer is shown in Fig,1, The aguifer of thickness 'm' 1s considered
to pe of infinite radial extent with the well at its centre, such chat
all physical conditions are symmetrical with respect vo the axis of the
well. 7The agquifer is nomogeneous, 1sotropic and has a negligible aip.
It is overiain and underlain by aquicludes. The well is screened
fully and 18 pumped at a constant rare 'Q', he equilibrium conditions
8re yet to reach and flow is conside. .4 tO be in transient state. The
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radius of the well is aenoted by ' Ty i and .nat of the well casing vy
L SO AL any instant of time * t ', ( total time from the starting

c
of the pump) the drawdown in the well 1is aesignated by ' s ' . the

neight of the uunpuwaping piezometric surface is indicated oy ' h,'e For
the purpuse of ulscretization, the in.inite aguifer is replaced by a
finite system with inflow potential boundary located at r = L, trom

.he z- axis., At any radiai distance 'r ' che nieyht of plezume.ric
surface 1s uesignated by ' n ' and the drawdown by ' s ‘.

a) Governing tield equation ror transient flow towaras wells:.
ror the regime of non-parcy flow, che Forchneimer velucity relatiunship

is re-written as

bn‘ (d)

"’Ela'

where £ 18 the coefficlent uf ectfective nydraulic cornductivity given Dy

2 a 20 1/4
- SR Ehe2 3
E {T g % B t J.’ ) ] 13)
-t
where
2 2 2
dh = on dh
-yl ) tgz
Tne general equatlion ror non-parcy irlow chus becomes
1 2 dn [} B0 2n o
= & (r.Ee 57/ *+ 33 (2o =7 ) ™ B s i4)

r

since thae expression ror E is a uependunt variable uver n the partial
differuntial equation for noneparcy flow ( equatiun 4 ) 18 non~l.inear,
Hence, many of the anaiyscical Lechn.ques ior the soiutivn of iinear
partial differential equations, <o nut ncld guod., rnus, in the preseant
analysis an icerative approach is propused for minimising che tunc.lional

obtainey rrom the equation 4.

b) Buundary conditlons ror a well with storage in confined aguifer,

rne poundary conditiuns for che problem (rig.l ).

CcD z = m I,s T & & o2 S (&)
2
n
DE r = r, O £ 2 ¢ m n = "0 o)
A z = O £, € £ r R o i)
L < 5] oz A
AC r = r v £ T & m (ae glscnalge prescrided

CONU1ITION.
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m
2hn 2 3n
i, =<2 KT jh-‘ — dz + A, 0 (o)
W I} 3 _ c »t
e} r = rw r=r.
¢) 1Initial condition for these problems 1s
h (r, o) =h, (9)

VARIAT IUNAL FORMULATION

variational fomm uf che equation 4 may oe obtained by considcring an
eyuivalent variational problem and adcpting kBuler-lLagraungs equation
trom the calcuius of variations, The runctional aescripoing the non-
parcy £low through isotropic aquifers is obtaineu by camparing the
rerms of Buler=Lagraunye eyuation with those of equation 4, integracing
chem and summing chem subsequently. Jhuas, the tunctional over wne

region 'R' is
t +at

[_I (n)]R = f I FeQR.dC (10)

t R

where s/id
a dn a 2 2n
P .o [BH - [‘ﬁn—’ +‘51"|”°J "4 p
2n

+ SB e Lo EE_ (11)
and aR = 2X L. dr. dz

Now the variational problem reduces to finding an admissible runccion
that minimises the tunctional and also satisfies the exiscing initial
and boundary conditions of the system, Accordingly, to satisfy the
prescribed alscharge condition che tollowing term has Lo be adaed

to the equation 11,
t +4TC

[1 m)] ‘- f fn § as at (12)
B ) o

B

where § is che preseribed flux on vhe poundary B andat 1s the
time increment,

rhe runccional thus obtained over the entire flow Regiom R 1s gaiven
by

104



/<
3

Da J’h . ubeQu (13)
+ Sslls-:—-}dR.dt'!- tf B g

W

tHat ,
" -a ?n F3 b [ .a )"+ 1]
le th)] = tf 5{{‘:’5— 'b—r] ' ‘5 [%.'

t+ at

FINMTE oLEMeENL SuiluION

Discretization of the Fiow System

An appruximate minimization of the functional is achiewveu by the 'finite
el ament method’, which may be viewed as an extended application of the
Raleigh-Ritz method over the subregions of the flow system, Tne aquifer
is aiscretized intu an assemblage of rectangular ring elements with a
fine mesh near the well and a coarse one far away. A transition zone
connects the fine mesh and the coarse mesh and it 1s discretized

by trainguliar elements. A progressively increasing width 1is adopted

for the elements using ar, = (1. 3) AL q e

variation of the nead is assumed to be piliinear in each rectangular
element, The nead in an individual element may oe expressed as,
( with summation uver the repeated subscript impiied)

h =N (rm2 h (& (14)

where 1 ( = 1,4,3,4) inaicate§ the local nodal number for the element,
Ny ( T z) are piecewisely defineu functions of the coordinates, called
shape function and hy (t) are the values of the nodal neads at time t.
The expressions for N, can be easily derived.

ElLement Matrices

Suostituting equation 14 in equation 13, the functional for an element
; qu (h) is obtained, which depends upon the nodal heads ht onlye
EValuating'DIe /bni . anu cenoting

b
18| _ [21® o1® 21® 21f (15)
>h 2hy ?h, 2h4 ‘SE‘




one ootains
t+at

e 1
°21° [c‘j [h‘] + [pejft‘:l + [r°] y at (16)
o § { 5t |
where .
[he - [hl h, b, h‘] (17)
= = T
e _ 18
d fe E [5] [s] ar (18)
R
- .—-
] - s Pl]’ [n] ar (19)
R
] - i [«]
| f. a [n aB (20)
B
with
r® = region of the element;
5% = portion of the boundary B belonging to the element

( 1f any), and

[u] =L N, N, Ny N‘] (21)

c— —

'—s _ | 2§, D3N, N, 2N,
L BE ©BF BHr BT

(22)
31!1 N, ?N, DN

28 T3 02

¥
The matrices [c‘] .[P° ] and L ‘ﬂ are respectively called the
conauctance matrix, the storativ.: watrix and the coi.umn matrix

of nodal discharges for the eleme. : The elements of[r’] would be
zero for all the nodes excdpt for t . flux- prescribed boundary
nodes.

Grose Matricea

the el=zuwsntal contributions Ie would be added to obtain I for the
entire flow domain and the minumization of I requires,

21 - S W B
551 ‘ﬁ- 4 (.SF"_) o 3 i 12000000 (23)



where n = total number of nodes and M = total number of elements,
Equation 43 can be expressed as

7 AR B - pfes

where the yross matrices[c] ¢ [P] ,[r] ror the flow system are
assembled by the sumuation of the curresponding individual element
mutrim‘.

Integration in time Domain

‘he solution is advanced in time using Crank - Nicoilson scheme which

[0] [h_]t““ - [G] [r] - %5 Eﬂi [ ]t+ At] (25)
(=] =[] teg [<] (26)

(4 ~[]-% [<]

Tne symumetric and banded nature of[c] and[P] 1s expiviced by storing
only the nonzero upper aiagonal elements in a ITectanguiar array, The
Successive time steps at, were chusen toO increase geometrically, such
that ATy = l.4 x Ati_l » Huwever, care was taken to ensure that
numerical oscillatiuns are not introduced in the Crank -Nico.son scheme,
even for the largest cine step used.

whare

Prescribed Fiux Boundary conditions

ine well i1s pumped at a constant, flow rate; but the discharge drawn
from the aquifer is unknown, due o the storage in the well, Hencae,

the implementation of the bounaary condition given by equation 8
requires a trial and error appruvache 1he head in the well at any time
is assumed and is correctea iceratively ciil equation & is satiscied

in the i1imits uf the prescribed accuracy., For the rirst two time steps
the trial guess values are used for the head and for subsequent time
steps, Jlogarithaic extrapoiation over time is used ror the inicial guess

value. with this nead prescrib ed condicion in the well, the equation
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25 is solvea and the total gischarge from che aquifer and well storage
is compared with che prescribed cischarge, untill convergence, within
certain prescribed iimits, is obtained., Cunvergence is cbtained in
cthree iterations «t early times and in two lterations at late times,
when the effects of well storage diminash,

In any particular element, if bv/a > 0,01, Forchheimer relation is
used, Otherwise, the flow is considered to be governed by Darcy law
by neglecting cthe second terma in equation 4., The equation 25 is
‘non-linear, since the effective hydraulic conrcgnéstéi\.:}ty.E is a function
vf the nodal nead distribution, 3o, an iterative/with an over=
relaxation factor of 1,6 is used for the solution, 1In general,

cunvergence was obtained im about 3 to 4 iaterations,
Regults of Analysis and Conclusions

The functicnal reiationship between the dimensionless drawdown
s/ ( @/4KXT) and the dimensionless time l1/u, 1is given by

s 1 r .
- W= . A %) (28)
(/T xT) a ‘ r, 'P: m’?
T = transmissivity of the aquifer ( = k m)
S8 = sStorativity of the aquifer ( = 5, m)
u s/ (4T )

Vor = Velocity below which Darcy's iaw is appiicable

P=z2 /5y 9

A = b v /=
Vg = /(2 m rw)

%:bvuja

The storage parameter uefined by Papadopulios and Cooper(1967) gives
infinite values for wells with no storage; and to remove this
incongruity, its reciporcocal, F) is adopted here,

Finite element model has buen used to obtain the type curves for some
daiscrete values of the different parameters viz., r/r_ = 1,8,16,48,04,
16v; P-m .103,10%, 10%; A, = 3,0,12 and = 0,01, Three type curves
for r/r, = 1 are pmsented in figures 2,3,4 for aifferent values of

A, .

w
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un all the type curves chree discinct regions can be identifieu, rhe
region I refers to the straight iine portiun correspunding to the
sarly time drawdown history, when the discharge is arawn almost
entirely from the storage in cthe well. lhe region II refers to the
portion of the curve from the point at which it aeviates from the
straight iine to the point at which it merges with che curves for che
well with no storage, <~The region III rufers to the portion ot the
curve which merges with the curvo%-o. In this region, the effect
of well storage becomes negliigible and the uischarge is oubtained
almost entirely from the ayuifer storage, 7These three regions are
noted on the type curves generated for all combinations of the
parameters,

'ime of Deviation

For the cype curves for r:/rw = 1, L.e., at the well tace, it 1is
possible two locate a ceviation point which marke the junccion of
regions I and II. Designating the corresponding values of u and t
as u_., and t,q Trespectively, one can observe that

u'd{b-ca (29)

where ca is a conscant, Subscituting ug = ri S/(G'l‘t.dJ and with F:
as uefineq, one obtains

ty ™ Cq T2 /T (30)
Cq 18 seen to increasa with ')\w and the value of * to be used in
the equation 30 is the one corresponding to Darcy flow away from the
wall, Tne time of deviation increases due to reduction in che
effective ctransmissivity of the region experiencing Forchneimer flow
in th e neighovurhuod of the well,

If one locates the point of cangency on the time-drawdown curves ior
vhe pumping well, in a fieid test, equation 30 can give the value of
T for the aquifer in a simple way,

Tame of merging

Tne junction of regions II and III may oe called a 'merying point?
ana the corresponuing values of u and t may be designated as W, and tn
respectively., It is notea from the type curves that although %

varies with fb » the product u_ F: remains approximately constant
other parameters remaining the same, Thus,
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u. P- c (31)
bal Ity
where,

c::: 1s a conscant, Substcituting N = r s( 4 ¢ t ) anu
with F>us uctined, one obtains

% = G, Fo /T (32)

where

\

G, = (z:/;:“r)2 /( 4 %F:) (33)

¥For all t > Y’ che eifects of well sturage can <e neglected, iror

a givenr/rw ¢ t, inC.eases with che radius of the casing well and
aecieases with che cransmissivity of .he aquifer, q’n depends wpon
r/x,,, 2s5and can pe taken to be indepenaent of 5 . Other parameters
Deing same, cm would increase with r/r » C&n is m& in the case of
non-linear fiow than when Darcy flow is considered, +nis can be
attributed to a reuuction in the effective transmissivity of the
region experiencing non-linear flow. ‘he storage in the well recduces
the orawdowns tor all t > t,+ The effects of sturage in the well
+eauce tne drawdowns, rorcnheimer flows involve larger drawdowns
than the Darcy flows and so counterac-t the effects of well storage
in reducing the drawaowns, <The effects of non-linear flow would be
felt for a short distance away from the well, while the effects of
storage 1n the well would extend tar into the interior of the aquifer,

The time at which the effect of well storage on the drawuown becomes
insignjficant can be obtained from the M”presented. For all
observations taken pefore such time, _he cype cuives considering the
well storage nave to be used in the estimation of the aquifer
storativity and transmisslvity. these parameters may pe rougnly
evaluated by tne curve math.mg methods. uUsing them as initial gu ess J
values, cthe finite element models developed can be implemented on a
aiyital computer. <vThe arawdown history, so simuiated, can be compared.
to che observed drawdown history and the parameters can be adjusted
by an iterative procedure to minimize the ueviations between the
Observed and the simuiated drawauwns, based on an apprupriate error

norme, this ieads one to a special problem of parameter estimation,
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