STATISTICAL MODELLING OF ANNUAL MAXIMUM PEAK
FLOODS

1.0 INTRODUCTION

In many problems in hydrology, the data consists of measurements on a single random variable: hence
we must deal with univariate analysis and estimation. The objective of univariate analysis is to analyse
measurements on the random variable, which is called sample information, and identify the statistical
population from which we can reasonably expect the sample measurements to have come. After the
underlying population has been identified, one can make probabilistic statements about the future
occurrences of the random variable, this represents univariate estimation. It is important to remember
that univariate estimation is based on the assumed population and not the sample, the sample is used
only to identify the population.

Hydrologic processes such as rainfall, snowfall, floods, droughts etc. are usually investigated by
analysing their records of observations. Many characteristics of these processes may not represent
definite relationship. For example, if you plot instantaneous peak discharges from each year for a
river, a rather erratic graph is obtained. The variation of peak discharge from one year to another can
not be explained by fitting a definite relationship, which we call as deterministic relationship. For the
purpose of hydrologic analysis, the annual peak discharge is then considered to be a random variable.
Methods of probability and statistics are employed for analysis of random variables. In this lecture,
some elementry concepts of probability and statistics are presented, which are used for frequency
analysis in hydrology.

Frequency analysis is performed to determine the frequency of the likely occurrence of hydrologic
events. This information is needed in the solution of a variety of water resources probiems. Some
pertinent examples include, design of reservoirs, flood ways, bridges, culverts, highways, levees,
urban drainage systems, air field drainage, irrigation system, stream-control works, water supply
systems, and hydro-electric power plants; zoning of flood plain land for industrial, residential and
recreational use; economic evaluation of flood protection projects; setting of flood insurance premium;
drought-mitigation problems etc. Although, the frequency analysis of virtually every component of
the hydrologic is required, our emphasis here will be on flood frequency analysis only.

Estimation of flood magnitudes and their frequencies for planning and design of water resources
projects have been engaging attention of the engineers the world over since time immemorial.
Estimation of magnitudes of likely occurrence of floods is of a great importance for solution of a
variety of water resources problems such as design of various hydraulic structures, urban drainage
systems, flood plain zoning and economic evalvation of flood protection works etc.

Objectives
After going through this lecture participants will be able to:

@ define some of the important terms related to statistical and probabilistic methods in
hydrology.

@ compute the statistics representing the measure of location, measure of dispersion and
measure of symmetry

@  compute the standard errors of some of the important sample statistics such as mean, standard
deviation and co-efficient of skewness

= fit some of the theoretical frequency distributions such as Normal, Log normal, Extreme
value Type-I, Pearson Type-III and Log Pearson type-III distribution to the site data

@ estimate the parameters of some of the distributions particularly by the method of moments
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@ compute standard errors as well as confidence limits over the flood estimates
@ identify the robust frequency distribution based on some of the goodness of fit tests.

The following assumptions are implicit in frequency analysis in order to have meaningful estimates
from flood frequency analysis:

i. The data to be analysed describe random events.

ii. It is homogeneous.

iii. The population parameters can be estimated from the sample data.
iv. It is of good quality.

If the data available for analysis, do not satisfy any of the above listed assumptions then, much
reliability can not be attached to the estimates.

For flood frequency analysis, etither annual flood series or partial duration series may be used. The
requirements with regard to data are that,

i. it should be relevant,
ii. it should be adequate and,
iii. it should be accurate.

In general, an array of annual peak flood series may be considered as a sample of random and
independent events. The non-randomness of the peak series will, however, increases the degree of
uncertainity in the derived frequency relationship. Various tests are available to check the randomness
of the peak flow data. The annual maximum flood series can generally be regarded as consisting of
random events as the mean interval of each observed flood peak is 1 year. However, in the case of
data used for partial duration series analysis, the independence among the data is doubtful. The peaks
are selected in such a way that they constitute a random sample.

The term relevant means that data must deal with problem. For example, if the problem is of duration
of flooding then data series should represent the duration of flows in excess of some critical value.
If the problem is of interior drainage of an area then data series must consist of the volume of water
above a particular threshold.

The term adequate primarily refers to length of data. The length of data primarily depends upon _
variability of data and hence there is no guideline for the length of data to be used for frequency
analysis.

The term accurate refers primarily to the homegeneity of data and accuracy of the discharge figures.
The data used for analysis should not have any effect of man made changes. Changes in the stage
discharge relationship may render stage records non-homegeneous and unsuitable for frequency
analysis. It is therefore preferable to work with discharges and if stage frequencies are required then
most recent rating curve is used. Watershed history and flood records should be carefully examined
to ensure that no major watershed changes have occurred during the period of record. Only records,
which represent relatively constant watershed conditions should be used for frequency analysis.
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2.0 FUNDAMENTAL TERMS
In this section of the lecture some of the important statistical terms are defined:
(a) Population

A population is a collection of persons or objects, e.g.(i) the pupils in a school, the workers
in a factory, the people in a country, (ii) motor cars produced in a factory. Each unit of the
population has many different possible attributes associated with it. These attributes might be (i)
height, volume or weight which are measurable on a scale, or (ii) colour, condition which may not
be numericallv measurable
(b) Sample data

Sample data are available data from the observation of an event.
(¢) Random events

Events whose occurrence is not influenced by the occurrence of the same event earlier.
(d) Probability density function

Probability density function (P.D.F.) is the probability of occurrence of an event.

(e) Cumulative density function

Cumulative density function (C.D.F.) is the probability of occurrence of all the events that
are equal to or less than an event.

(f) Probability paper

A probability paper is a special graph paper on which the ordinate usually represents the
magnitude of the variate and the abscissa represents the probability P, or the return period T. The
ordinate and abscissa scales are so designed that the distribution plots more nearly a straight line
permitting better definition of the upper and lower parts of the frequency curve. The probability paper
is used to linearize the distribution so that data to be fitted appear close to the straight line.For
example, the extreme value and the log normal probability papers are used for linearization of the
extreme value and log normal distribution.

(g) Plotting position

Determining the probability to assign a data point is commonly referred to as determining its
plotting position.

(h) Return Period
Return period (T) or recurrence interval is the time that elapses on an average between two

events that equal or exceed a particular level. For example, T year flood will be equaled or exceeded
on an average once in T years.
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(i) Probablity of Exceedence

If a coin is tossed once a year. On the average, its head will appear once in 2 years, or
probablity of exceedance(P) is P = 1/2 = 0.5. The reciprocal of probablity of occurrence is termed
as return period, T.

P=1/T

Thus a storm that has been exceeded on the average once in 10 years has a probablity of
exceedance in any one year P = 1/10 or 0.1.

(j) Probablity of Non-Exceedence

The probablity that the storm will not occur is termed as the probablity of non-exceedance

P).

P=i-P =1-1T

(k) Peak Annual Discharge

The peak annual discharge is defined as the maximum instantaneous volumetric rate of
discharge during a year.

() Annual Flood Series

The annual flood series is the sequence of the peak annual discharges for each year of the
record.

(m) Partial Duration Flood Series

The partial series consists of all recorded floods above a particular threshold regardless of the
number of such floods occuring each year.

(n) Design Flood

Design flood is the maximum flood which any structure can safely pass. It is the adopted
flood to control the design of a structure.

3.0 SAMPLE STATISTICS

In any analysis of statistical data in general and of hydrolytic data in particular, certain calculations
are usually made in order to determine some of the basic properties inherent in the data. For instance,
the sample mean and variance are two statistics defining the most important characteristics of a given
set of statistical data. In general sample statistics provide the basic information about the variability
of a given data set. The most useful sample statistics measure the following characteristics.

(i) the central tendency or value around which all other values are clustered.
(ii) the spread of the sample values around mean

(iii) the asymmetry or skewness of the frequency distribution and

(iv) the flatness of the frequency distribution.
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These statistical properties are determined by sample statistics as described below:
3.1 Measure of Central Tendency or Measures of Location

In statistics various measures of location are described. One of the important measure of central
tendency is mean.

(i) Mean

The sample mean is the measure of central tendency of a given data set. If X, X,, X5, ....... !
X, represent a sequence of observations, the mean of the sequence is given by:

Y i Ko (1)

A= i=1
N

3.2 Measure of Dispersion or Variation
(i) Standard deviation

The unbiased estimate of population standard deviation (S) from the sample is given as:

s=11/(N-1) YV (x, - 0?17 (2)

(ii) Variance

Variance represents dispersion about the mean. Mathematically for sample it is expressed as:

Y (X - X)° (3)
N

Variance = §2 =

(iii) The coefficient of variation

The coefficient of variation C is a dimensionless dispersion parameter and is equal to the ratio
of the standard deviation and the mean

C, = SIX (4)
This coefficient is extensively used in hydrology particularly as a regionalisation parameter.
The range and mean deviation have the same units (dimension) as the original data. The variance has

the square of the units of the original data and hence can not be directly compared with the data.
Therefore, the standard deviation is used because its dimensions are that of the data.
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In many samples of hydrological data, especially in flocod hydrology the largest value is very much
larger than the second largest. Therefore the range R might not be a good indicator of the scatter
inherent in the data as a whole.

The mean deviation is a good measure of spread but can not be handled easily in mathematical
statistics because of the absolute value sign while the same applies to the interquartile range. The
variance is more easily handled mathematically and holds a prominent place. The interquartile range
is easy to evaluate but is very difficult from a mathematical point of view and hence is not much used
even though it is quite good at describing spread.

33 Measures of Symmetry

If the data are exactly symmetrically displaced about the mean than the measure of symmetry should
be zero. If the data to the right of the mean (larger) are more spread out from the mean than those
on the left then, by convention, the asymmetry is positive and vice versa for negative asymmetry.

(i) Skewness Coefficient

The skewness coefficient or coefficient of skewness represents a non-dimensional measure the
asymmetry of the frequency distribution of the data. An unbiased estimate of the coefficient is given
by:

- 3
g N (5 =9) (5)

¢ (N-1) (N-2) §3

The skewness coefficient has an important meaning since it gives indication of the symmetry of the
distribution of the data. Symmetrical frequency distributions have very small or negligible sample
skewness coefficient C,, while asymmetrical frequency distributions have either positive or negative
coefficients. Often a small value of C,, indicate that the frequency distribution of the sample may be
approximated by the normal distribution function since C; = 0 for this function.

Note that because of the third Central Moment has dimension equal to the cube of the data, it is not
of direct use. It also depends on the units of the original data. The co-efficient of skewness does not
have this disadvantage and is therefore preferred. The interquartile measure of symmetry (I,,) is not
dimensionless.

34 Measures of Peakedness or Flatness

The Kurtosis coefficient measures the peakedness or the flatness of the frequency distribution near
its center. An unbiased estimate of this coefficient is given by:

= N* Ei':l (x; - x)° (6)
(N-1) (N-2) (N-3) S*

k

A related coefficient called the excess coefficient denoted by E is defined by:

B = Cps 3 — ™
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Positive values of E indicate that a frequency distribution is more peaked around its center than the
normal distribution. Frequency distribution is known as LEPTOKURTIC the negative values of E
indicate that a given frequency distribution is more flat around its center than the normal. Frequency
distribution is known as PLATYKURTIC.

Normal distribution is said to be MESOKURTIC. Both kurtosis and excess coefficient are seldom
used in statistical hydrology.

4.0 PROBABILITY DISTRIBUTION

A distribution is an attribute of a statistical population. If each element of a population has a value
of X then the distribution describes the constitution of the population as seen through its X values.
It tells whether they are in general very large or very small , that is their location on the axis . It tells
whether they are are bunched together or spread out and whether they are symmetrically disposed on
the X axis or not. These three things are described by the mean, standard deviation and skewness.

Distribution also telis the relative frequency or proportion of various X values in the population in
the same way that a histogram gives that information about a sample. These relative frequencies are
also probabilities and hence the distribution tells us the probability, Pr(X <x), that the X value on an
element drawn randomly from the population would be less than a particular value x. Knowing
Pr(X <x) for all x values , the laws of probability may then be used to deduce the probability of any
proposition about the behaviour of a random sample of X values drawn from the population.

When the population is sufficiently large the histogram of its X values can be made with very small
class intervals and the histogram can be replaced by a smooth curve , the area enclosed by any two

1

vertical ordinates being the relative frequency or probability of x values between those ordinates.

Because of this probability interpretation , a relative frequency distribution is also called a probability
distribution and the curve describing it is called a probability density function (p.d.f) whose
cumulative function is called the distribution function (d.f.).

In flood frequency analysis, the sample data is used to fit probability distribution which in turn is used
to extrapolate from recorded events to design events either graphically or analytically by estimating
the param,eters of the distribution. A large number of peak flow distributions are available in
literature,

A large number of frequency distributions are available in literature. Some of the commonly used
probability distributions in the area of hydrology and water resources are: normal, log normal ( two
parameters, and three-parameters), Extreme value type-I (Gumbel or EV1), Pearson type-III , Log
Pearson type-III ,General extreme Value , Gamma and Exponential distributions. The probability
density functions (P.D.F.), Cumulative density functions (C.D.F.) and other properties of these
"Theoretical Frequency Distributions" are given in Appendix-I. Here the normal, log normal ( two
parameters), Extreme value type-I (Gumbel or EV1), Pearson type-IIl and Log Pearson type-III
distributions have been discussed. The probability density functions (P.D.F.), Cumulative density
functions (C.D.F.) and other properties of these distributions are given below:
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4.1 Normal Distribution

The normal distribution is one of the most important distribution in statistical hydrology. This is a
bell shaped symmetrical distribution having coefficient of skewness equal to zero. The normal
distribution enjoys unoque position in the field of statistics due to central limit theorem. This theorem
states that under certain very-broad conditions, the distribution of sum of random variables tends to
a normal distribution irrespective of the distribution of random variables, as the number of terms in
the sum increases. The Probability Density Function (PDF) and Cumulative Density Function (CDF)
of the distribution are given in Appendix-I.

4.2 Log Normal Distribution

The causative factors for inany hydrologic variables act multiplicatively rather than additively and so
the logarithms of these variables which are the product of these causative factors follow the normal
distribution.

If Y = log, (X) foilows normal distribution, the X is said to follow log normal distribution. If the
variable X has a lower bound X, , different from zero and the variable Y = log, (X-X,)} follows
normal distribution then X is log normally distributed with three parameters. The PDF and CDF of
the distribution are given in Appendix.

43 Pearson type-I1I Distribution (PT3)

Pearson type III distribution is a three parameter distribution. This is also known as Gamma
distribution with three parameters. The PDF and CDF of the diatribution are given in Appendix-I.

4.4 Exponential Distribution

Exponential distribution is a special case of Pearson type III distribution when shape parameter ¥ =1.
The PDF and CDF are given in appendix-I.

4.5 Gumbel Extreme Vaiye (Type-I) Distribution (EV1)

One of the most commonly used distributions in flood frequency analysis is the double exponential
distribution (known as Gumbel distribution or extreme value type I or Gumbel EV1 distribution). The
PDF and CDF of the distribution are given in Appendix-I.

4.6 Log Pearson Type-III Distribution (LP3)

If Y = log, (X) follows Pearson type III distribution then X is said to follow log Pearson type III
distribution. In 1967, the U.S. water Resources Council recommended that the log Pearson type III
distribution should be adopted as the standard flood frequency distribution by all U.S. federal
government agencies. The PDF and CDF of the diatribution are given in Appendix-I.

4.7 Extreme Value Distribution

Just as there is a family of Pearson type III distributions, each member being charaterised by a value

of Y, there is also a family of EV distributions, each member of which is characterised by the value
of a parameter denoted by k. The family can be divided into three classes, corresponding to different
ranges of k values. The three classes are referred as Fisher Tippett type 1, type2 and type 3. They
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are also known as EV-1, EV-2 and EV-3 distributions. In practice, k valce lie in the range -0.6 to
+ 0.6. For EV-1 distribution k is zero and coefficient of skewness is equal to 1.139. For EV-2
distribution, the values of k is -ve and skewness is greater than 1.139. Foe EV3 distribution the value
of k is +ve and coefficient of skewness is less than 1.139. EV-1 and EV-2 distributions are known
as Gumbel and Frechet distributions respectively.

5.0 METHODS OF PARAMETER ESTIMATION
There are four well known parameter estimation techniques viz:

(i) Graphical

(ii) Least squares

(iii) Method of moments , and

(iv) Method of maximum likelihood.

5.1 Graphical Method

In graphical method of parameter estimation, the variate under consideration is regarded as a function
of a reduced variate of a known distribution. The steps involved in the graphical method are as
follows:

(i) Arrange the variates of annual maximum flood series in ascending order and assign different
ranks to the individual variates.

(ii) Assign the plotting positions to each of the variates. The plotting position formula may be
used depending upon the type of distribution being fitted. The recommended plotting position
formulae for normal, log normal, Gumbel EV-I, Pearson type-Ill and Log Pearson type-IIl
distributions are given in table. 1

Table 1: Unbiased Plotting Position Formulae

Distributions(s) Recommended plotting | Form of the plotting
position formula position formulae
Normal and Log Normal | Blom (m-3/8)
FX<x)= -~
(N+1/4)
Gumbel EV-I Gringorton (m-0.44)
N FX<x)= ————mm-
{(N+0.12)
Pearson type Il and Log | Cunnane (m-0.40)
Pearson type III F(X<x)= —mmmmme
(N+0.20)

where, m indicates the rank number, m=1 for the smallest observation and m=N for the largest
observation when flood series is arranged in ascending order.

NATIONAL INSTITUTE OF HYDROLOGY, ROOREEE



158 Statistical Modelling of Annual Maximum Peak Floods

(i)  Estimate the reduced variates for the selected Distribution corresponding to different plotting
positions, which represent the probability of non-exceedence.

The reduced variates for normal and log normal distributions are computed with the help of table 2.

For Gumbel (EV1) Distribution, the reduced variates are computed using eq. (15) of Appendix-I,
where F(z) represents probability of non-exceedence which have been computed using the suitable
plotting position formula, and z is the corresponding reduced variates.

In case of Pearson type-III and Log Pearson type-IIl which are three parameter distributions different
sets of reduced variates are obtained for different coefficients of skewness.

At this stage it is essential to introduce the concept of frequency factor as it has been found easier to
develop probability paper based on the frequency factor, K for Pearson type-IIl and Log Pearson
type-1II distributions on comparison to that developed based on the reduced variate.

Frequency Factor

A general frequency equation generally appalicable for different distributions was proposed by Chow
in the following form:

X=m+ Ks (8)

where,

X =  the magnitude of the different variates of the peak flood series, or the magnitude of
the flood at required return period T.

K = the frequency factor corresponding toc X. For Pearson Type-IIl and Log Pearson
Type-IIl distribution, the values of frequency-factors are given in appendix-II at
different probability of exceedence levels corresponding to the various coefficient of
skewness values.

mand s =  mean and standard deviation of the population which would be replaced by the sample
statistics.

(iv)  Plot the sample data as a series of discrete points on an ordinary graph paper with the ordinate
being the variate and the abscissa being the reduced variate or frequency factor. Such plot can be
prepared for different distribution.

tv) Draw a best fit line through the plotted points. The slope and intercept of the line provide the
estimates for the parameters of the respective distributions. This straight lifle can be projected to
arrive at the flood magnitudes of desired return periods.

In graphical estimation procedure the line is subjectively placed and could vary with analyst. This
subjectivity is regarded as a major drawback by hydrologists.

The following example provides the procedure for estimating the reduced variate corresponding to
a given probability level for Normal, EV1 and Pearson Type- III distributions:
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Example 1:

(i) Find out the value of the reduced variates for Normal and EV1 distributions corresponding to
probability of non-exceedence of 0.30 from Appendix-II.

(ii) Find out the frequency factor K for Pearson Type-III distribution corresponding to non-exceedence
probability of 0.30 and coefficient of skewness of 1.3 from Appendix-III.

Solution:

(i) For Normal distribution use table given as appendix-II to estimate the reduced variate
corresponding to probability of non-exceedence equal to 0.30. In this table, areas under the normal
curve are given. Since the probability of non-exceedence, F(z) is 0.3 which is less than 0.5, the value
of Z will be a negative quantity.

Find out a value of Z’ which has non-exceedance probability =0.30.
Z' = -0.5244.

The reduced variate corresponding to F(Z)=0.3 can be obtained for EVI distribution using eq.(15)
given in Appendix-I.

0.30 =¢*”
= - In (-In (0.30)) = 0.186

(ii) Table given as Appendix-IIl may be used to estimate the frequency Factor, K for Pearson
Type III distribution.

Probability of exceedence = 1 - 0.30 = 0.70
and coefficient of skewness=1.3
Frequency Factor, K = -0.634. (From the table of appendix-III)

5.2 Least Squares Method

In the method of least squares for the parameter estimation the steps from (i) to (ii) of the Graphical
method may be repeated. In this technique a simple linear regression equation is fitted between the
variate under consideration and the correspending reduced variate or frequency factor, rather than
drawing a best fit line subjectively on a simple graph paper.

This method has not been accepted as a standard method in practice as it involves the use of plotting
position formula to determine the reduced variate or the frequency factor and due to the assumption
that the error variance remain same for all observations. The defect due to the former assumption
could be eliminated by using the appropriate plotting positions formula given in table 1. However,
the later assumption makes the method more defective as the higher events recorded have more error
variance than the recorded lower events. All these assumptions affect the correct estimation of the
slope and intercept of the line, which represent the parameters of the distribution.

53 Method of Moments

The method of moments makes use of the fact that if all the moments of a distribution are known then
everything about the distribution is known. For all the distributions in common usage, four moments
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or fewer are sufficient to specitfy all the moments. For instance, two moments, the first together with
any moment of even order are sufficient to specify all the moments of the Normal Distribution and
therefore the entire distribution. Similarly, in the Gumbel EV Type-I Distribution, the first two
moments are sufficient to specify all the moments and hence the distribution. For Pearson Type Il
Distribution three moments, always taken as the first three required to specify all the moments. In
these cases the number of mements needed to specify all the moments and hence the distribution
equals the number of parameters.

The method of moments estimation is dependent on the assumption that the distribution of variate
values in the sample is representative of the population distribution. Therefore, a representation of
the former provides an estimate of the later. Given that the form of the distribution is known or
assumed, the distribution which the sample follows is specified dy its first two or three moments
calculated from the data.

Normal Distribution

The parameters of the normal distribution, p and o, which describe the characteristics of the given
set, are computed as:

1 X '
B =4= 5 EF:I.X; ®
o =5 = ”Z‘(()lir :1:)2) (10)

After computing the parameters, u and o, the T-year flood estimates can be obtained using the
Normal Distribution. The steps are:

(i) Compute the X and s from the sample data using eq. (1) and (2). X and s provide estimates for
the parameter, p and o.

(ii) Compute the probability of non-exceedence using the relation:

FX<x)=1-1T : (11)

(iii) Compute the Normal Reduced Variate Zy from the table given as Appendix-II corresponding to
the probability of non-exceedence computed at step (ii).

(iv) Estimate the flood for T-year recurrence interval using the following equation:

R i b 0B (12)
Log Normal Distribution (two parameters)
In log normal two parameter distribution the variates are transformed to the log domain by taking log
of each variate, and then the mean and standard deviation of the transformed series are computed as

given by eq. (1) and (2). The flood at required recurrence interval can be computed in the following
steps after fitting the log normal distribution with the sample data.
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(i) Transform the original series of peak flood data into log domain by taking log of each variate
to the base e.

(ii) Compute the mean, Y and standard deviation, Sy, from the log transformed series using
eq.(1) and (5) respectively. Y and Sy provide estimates for the parameters, py and oy ,
respectively.

(iii)  Compute the probability of non-exceedance for the given recurrence interval (T).

(iv) Compute the normal reduced variate, Zp from the table given as Aappendix-ll which
corresponds to the probability of non-exceedance computed at step (iii).

v) Estimate the flood for T-year recurrence interval in log domain using the following equation:
Yr =py + oy Zr (13)
(iv) Transform the estimated T-year flood in original domain by computing its exponent i.e.
Xy =e'p (14)
Gumbel’s Extreme value type-I Distribution

u and a are the two parameters of EV1 distribution. The relationship between the parameters and
the statistical moments of the data are given by

p=u+ 05772 « (15)

a = arVb (16)
Solving equations (15) and (16) for u and o, we get

a=07797¢ an

u=pu-0450 (18)
The population statistics, p and o would be replaced by the sample statistics, X and S computed
as given by eq. (1) and (2) respectively. The step by step procedure for computing the T-year

flood using EV1 distribution is given below:

(i) Compute mean, X and standard deviation, S, from the sample using eq. (1) and (2)
respectively. X and S provide estimates for p and o respectively.

(ii)  Compute the parameter u and o using eq. (17) and (18).
(iii)  Compute the probability of non-exceedence F(Z) corresponding to T-year recurrence interval
(iv)  Compute the EV1-reduced variate, Zr, using the relationship;

Zy = - In (-In F(Z)) (19)
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(v) Estimate T-year recurrence interval flood using the EV1 distribution as follows:
Xr=u+aZ; | 20)

Pearson Type -III Disribution (PT-III)

PT-III distribution is a three parameter distribution. Three moments are, therefore, needed for

computing the parameters. Mean, standard deviation and skewness computed from the sample data

describe the measures for first three moments of the sample data.

The following steps are usually involved in computing the T-year flood using the Pearson Type-III
Distribution.

(i) Compute the mean, X and standard deviation S, using eq (1) and (2) respectively. Compute
the coefficient of skewness g from the sample using the following equation:

N ¥ (X Xy

&= N (NZy 2 3 k1)

(ii) Compute the probability of exceedence for the given recurrence interval, T, which equals to
1/T.

(i)  Estimate the frequency factor, Ky from the table given as Appendix-IIl which corresponds
to the computed coefficient of skewness g, and the probability of exceedence.

(iv)  Estimate T-year flood using the equation;

Xr =X + SKq (22)
Log Pearson Type-III Distribution (LP-III)
While fitting the log Pearson Type-IIl Distribution, each variate of the annual maximum peak
flood series are transformed into log domain. The T-year flood is estimated in log domain after
fitting the PT3 distribution to the log transformed series. Subsequently, the T-year flood in real
space can be estimated taking the antilog of the T-year flood estimated in log domain. The step by

step procedure for computing T-year flood using LP3 distribution is given below:

(1) Transform the annual maximum peak flood series into the log domain by taking log of each
variate to the base e.

(ii) Compute the mean, Y standard deviation, S and coefficient of skewness , g using eq.(1), (2)
and (5) respectively.

(i)  Compute the probability of exceedence corresponding to the given recurrence interval, T
which equals to 1/T. .
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(iv)  Estimate the frequency factor K from table given as Appendix-III which correspondence to
the computed skewness, gy and the probability of exceedence.
v) Estimate the T-year flood in log domain using the following equation.
Yr =Y + Sy Ky (23)
(vi) Estimate T-year flood in real domain as follows:
Xp = e¥y 24)
Example 2:

The mean, standard deviation and coefficient of skewness of original and log transformed annual
maximum peak flood series of a typical gauging site are given below:

Original | Log transformed

Series series
Mean(m>/s) 506.843 6.157
Standard dev.(m/s) 211.087 0.372
Coefficient of skewness 1.564 0.556

Estimate 1000-years floods assuming that the peak discharge data follow:(i) Log Normal Distribution,
(ii) Log Pearson Type-Ill, (iii) Pearson Type-III and (iv) Gumbel EV1 Distribution.

Solution:

(i) Flood estimate Assuming Log Normal Distribution

Since

py = Y =6.157

UY ;SY = 0.372 and,

Probability of non-exceedence, F(Z) = 1 - 1/1000 = 0.99¢

.
.o

Zy = 3.10 for T = 1000 years (using Table given in Appendix-II)

Yr=py +oyZy

Y00 = 6.157 +0.372x3.10
= 7.3102
X000 = €71000 = €”31% = 1495 m’/s

(ii) Flood Estimate Assuming Log Pearson Type -III Distribution

Since

py m Y = 6.157
Oy 'SY = 0372 and,

vy = gy = 1.564
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Probability of exceedence 1-F(Z) = 1/1000 =0.001
Frequency Factor, K+ = 3.8919712 (using table given in appendix-III)

Yr= py +oyKy

]

Y000 = 6.157 + 0.372 x 3.8919712 = 7.6048
X000 = €% = 2007.8 m® /s
(iii) Flood estimate assuming Pearson type-III Distribution
Since u = X = 506.843
og=S=211.087 and,
g =gy = 1564

Probability of exceedence, 1-F(Z) = 1/1000 = 0.001

Frequency factor Ky = 5.3214276 (using table given in Appendix-Iil)
o XT 12 + 0 KT

506.843+211.08 x 5.3214276
1630 m*/s

nn oy

(iii) Flood Estimate Assuming Gumbel EV1 Distribution
Since p =X = 506.843
=85 =211087 and,

a = 0.7797 x ¢ = 0.7797 x 211.087 = 164.585

u=pu-0450¢0
u = 506.843 - 0.45 x 211.087
= 411.854

Zr=-In(-In(F(2)))
F(Z) =1 - 1/1000
Ziooo = - In (-In (0.999)) = 6.907255
XIOOO =u+ « Zlom

X000 = 411.854 + 164.585 x 6.907255
= 1548.68 m> /s

6.0 TEST GOODNESS OF FIT

The validity of a probability distribution function proposed to fit the frequency distribution of a given
sample may be tested graphically or by analytical methods. Graphical approaches are usually based
on comparing visually the probability density function with the corresponding empirical density
function of the sample under consideration. In other words model CDF is compared with empirical
CDF. Often these CDF graphs are made on specifically designed paper such that the model CDF plots
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as a straight line. An example of this is the Gumbel paper. If empirical CDF plots as a straight line
on the Gumbel paper it is an indication that the Gumbei distribution may be valid model for the data
at hand. Often graphical approaches for judging how good a model is, are quite subjective.

A number of analytical tests have been proposed for testing the goodness of fit of proposed models.
One of these tests namely D-index method is presented here under.

D-Index Method

The D-index for the comparison of the fit of varios distributions in upper tail is given as:

., Abs (x; - %)?
%

D-index = (25)

where, x; and X are the ith highest observed and computed values for the distribution. The
distribution giving the least D-index is considered to be the best fit distribution.

7.0 REMARKS

The purpose of the frequency analysis is to estimate the design flood for desired recurrence interval
assuming the sample data follow a theoretical frequency distribution. It is assumed that the sample
data is a true representative of the population. It is generally seen that minimum 30 to 40 years of
records are needed in order to carry out flood frequency analysis to the at site data for estimating the
floods in extrapolation range, somewhat, within the desired accuracy. In case the length of records
are too short, it represents inadequate data situation and at site flood frequency analysis fails to
provide the reliable and consistent flood estimates. The regional flood frequency curves together with
at site mean is generally able to provide more reliable and consistent estimates of floods under the
inadequate data situation. For ungauged catchment, the regional flood frequency analysis approach
is the only way to estimate the flood, for desired recurrence interval for which a regional relationship
between mean annual peak flood and catchment characteristics is developed along with the regional
frequency curves.

Most of the goodness of fit tests used for judging the best fit distribution represent the descriptive
ability of the theoretical distributions. Generally the frequency distributions show larger deviations
in extrapolation range. Thus a distribution which may pass the goodness of fit criteria not necessarily
be able to estimate the floods for higher recurrence intervals to the desired accuracy. In order to judge
the performance of the theoretical distributions in predicting the higher recurrence interval floods the
predictive ability tests must be taken up using the Monte Carlo experiments with the data, generated
by the selected distributions based on the descriptive ability criteria. Such generation studies provide
a better opportunity for understanding the characteristics of the theoretical distributions. Those who
are interested further in the area of flood frequency analysis may refer the relevant literatures
appeared in national as well as international journals dealing with hydrology and water resources.
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APPENDIX-I
Normal Distribution:
P.D.F.:f(x)-—_exp[-L( X&)% e (1)
oyZm 2% g
1 y 1 X2
C-DoF-:F(x = Se—=== ex e '__) ] -"-(2)
) = f B~ =]
Parameters: u = location parameter
¢ = scale parameter
Reduced Variate: Z = (ia—”) )
PDE.: f(z) = ——e ="’ @
V2
: 1 202
CDFE. :F(z) =- f—e 2"y
Yo V2T
1 1, log x-u,,
f(x) = ———e -5 ( —— ....(5)
) Uymm[ 5 ( o, )°]
Mean of the reduced variate: Z = 0
Standard deviation of reduced variate 0, = 1
Coefficient of skewness of the reduced variates = g, = (L
Log Normal Distribution (Two P rs):
PDF.: f(x) L_exp[-1( B Xy oy ©®
DF.: fx) = —— - ( ——— ,
ay /Zm 2 O'y
X
log x-
C.D.F.: F(x) = [ o[- 5 (2o F)?an D)
X .
where,
y = log,
b= Mean of Y series
o, = Standard deviation of Y-series
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Parameters:  u, = location parameter

0, = scale parameter

log x-o
Reduced variate Z = _M

oy

1 2

PD.F.:f(z) = —e
NOX

z
1 22

CD.F.: Fz) = f ey

0 o
Mean of the reduced variate: z = 0
Standard deviation of reduced variate: o, = 1

Coefficient of skewness of the reduced variates = g, = 0

Gumbel Extreme Value (Type-I) Distribution(EV1):

X -U

P.D.F. f(x) = exp[—(m&;

R (=

- exp ( x—;i |

CD.F.: Fx) =¢ .
Reduced Variate : z = =——

P.D.F.: f(z) = exp (z-exp(-z))

-z

CDPF.:F(z) =e™

Mean reduced variate Z = 0.5772

Standard deviation of reduced variate @, = = 1. 2825

1
/6

Coefficient of skewness of reduced variate g, = 1.14

Pearson type-IIl Distribution (PT3):
(X‘X )V-le -(x-%,)/B
o

BY VY

P.D.F.:f(x)=

...(8)

..(9)

...(10)

o i 5w R

....(12)

....(13)

..(14)

....(15)
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-1, (= —xa_)/ﬁ
ol |

cnpjuqﬂwx*

Xo

X, = Location parameter
B = scale parameter
v = shape parameter

Parameters;

XX

B

o

Reduced variate Z =

1
Bl vY

C.D.F.: F(z) = zf

P.D.F.: f(z) = (z)Ye =

(2) e =

1
BIvVY

Mean of the reduced variate: z = Y
St. Deviation of the reduced variate: o, = /Y

BY vy

Coefficient of skewness of the reduced variate: g, = 2/ Y

Log Pearson Type-III Distribution (LP3):

( logeX7Yo ) ¥ie

-(logx-Y,) /B

P.D.F.:f(x)=

C.D.F.: F(x) = ff(x)dx

Parameters:  y, = Location parameter
B = scale parameter
v = shape parameter

lo X -
Reduced variate: Z = %

P.D.F.: f(z) = WBllTv(z) ¥l =

CDFE.:F@) = | f(z)dz

Mean of reduced variate = z = y
Standard dev. of reduced variate: o, = /Y

1BIVy x

Coefficient of skewness of reduced variate: g, = 2/ /Y

. (17)

....(18)

er.(19)

....(20)

.. (21)

....(22)

....(23)

...(24)

wi(29)
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General Extreme Value Distribution:

(21

P.DF.:f(x) = <[ 1-K(EH)] (/0 L ... (26)

C.D.F.: F(x) = Exp [ ~(1-K( %) )V E ..27)

Parameters: ocation parameter

u=>L
o« = Scale parameter
K = Shape Parameter

If K = 0 it leads to EV-I distribution,
K < 0 it leads to EV-II distribution
K > 0 it leads to EV-III distribution
- ; X-u
GEV reduced variate : w = & ....(28)

Here w = (1, - kz)/K
Z = EV-I reduced variate

Gamma Distribution:

It is a special case of PT3 distribution.

P.D.F.: f(x) = (x)"le /P
B VY

CDF.:Fx) = [ iﬁ)ﬁ%_ﬂdx
A Y

.......... . )

....(30)

Parameters: 8 = Scale Parameter
v = Shape parameter

Gamma Reduced Variate z = % ...(31)

1

P.D.F.: f(z) =
1B IvY

(z)yrte ...(32)

z

C.D.F.: F@) = flﬂ?ﬁ

(zytie * ...(33)

Mean of the reduced variate: Z = Y
St. Deviation of the reduced variate: o, = /Y
Coefficient of skewness of the reduced variate : g, = 2/ VY
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Exponential Distribution:

PDF;M%=%€ Ax=,)
15 —(xfxi

B

Parameters: x, = Location Parameter
= Scale Parameter

C.D.F.:Fx) = 1-e

X =X

B

o

Reduced Variate : z =

P.D.F.: f(z) = e~
C.D.F.: FZ) = 1<?

Mean of the reduced variate: z = 1
St. Deviation of the reduced variate o, = 1

Coefficient of skewness of the reduced variate :

g =2

..(34)

...(35)

...(36)
..(37)

...(38)
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