
ANALYSIS OF UNSTEADY FLOW TO A WELL HAVING DELAYED YIELD 

- The differential equation which governs an axially 

symmetric radial unsteady ground water flow in unconfined 

aquifer with delayed yield is (Boulton, 1954) 

&aN
00  

r Or = 0 + aoy e-cc(t- c )dc 

The solution of Eq,(2.2) for constant pumping rate 

given by Boulton (1963) is 
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Where 

øy total volume of delayed yield from storage per 

unit drawdown per unit horizontal area which is' 

commonly referred as specific yield, 

volume of water instantaneously released from 

storage per unit drawdown per unit hprizontal 

area which is the effective early tine storage 

coefficient, 
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J0( ) - Bessel function of first kindIzero order, 
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The solution given at Eq.(2.3) has been obtained by 

Boulton with the assumption (besides other usual assum-

ptions) that the drawdown is very small in comparison 

to the thickness of the aquifer. Eq.(2.2) being linear, 

method of silterposition and proportionality are applicable. 

If Q = 1.0 and pumping continues indefinitely,EC.(2.3) 

gives the response of a linear system due to unit step 

excitation. Designating K(m) as the unit step kernel 

(response due to an unit step excitation), which is the 

drawdown at the end of time step m due to continuous 

pumping at unit quantity per unit time period, the discrete 

kernel coefficients gm) can be expressed as 

6(m) = K(m) K(m-1) ...(3.1) 

Substituting m for t 

P*2 and Sinh 122 by (6  
vely and rearranging, 

in Eq.(2.3) and replacing Cosh µ2  
- e )/2 and (e 2_ e2)/2 respecti- 

the unit step kernel is written as 

K(m) = (e-(Pat2)( .1.  amr(1_x2), 4nT x 2 
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The integral appearing in Eq.(3.2) is an improper 

integral as one of the limits of integration is infinite. 

For finite values of the numerical integration of the 

improper integral takes considerable computer time to 

obtain results of reasonable accuracy. The following is 
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an efficient method for evaluation of K(m) for any value 

of 1. For given values of aquifer parameters it is found 

that the limit of the term 

1 -(41-1-L2) coari(1-x2  [1 - f (e (1 + ) + e (1- miaa 
_x2)))] 

242  
42 

in Eq.(3.2) tends to 1 as the dummY variable x increases. 

Let beyond x=x1 this term has a value equal to 

1-e,whereS IS as small as .000001: 

Eq,(3.2) can be written as 

x  
K(m) = T 

2 
J, 

i,-42) amr(1 - x  ) 2- 1 (1 + 2, 
. 

1--[l - -.(e s 
'2 47: o x 

+ e -(414t2)(1 mmn(1-x2)))] J0( ;E 242 x) dx  

f (1 ) 
x1 

I, + 12  

j  rx )dx o' yD  ...(3.3) 

...(3.4) 

For evaluation of the proper integral Il'numeri-

cal integration is carried out assuming dx = .001. This 

value of dx has been adopted after studying the effect 

of dx on the accuracy of the results. 

The integration 

12= f= J dx x yD 

Let 

x1 
is carried out as follows : 

y D x  
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Then 

12  = f 2  J (y) dY ...(3.5) y o 

yD 

Depending upon the numerical values of E- x
1  the yD  

following approximationscan be used for evaluation of 

the improper integral 12. 

For -- x < 2 (Abramowitz and Stegun 1970, pp.481) yD 1 

= lc°  jo(Y) d-  = - 0.5772156 - loge
() - E rx y 1 p=1 2p(pt )1-  

YD 
...(3.6) 

The series appearing in Eq.(3.6) is a rapidly 

converging]  one. 

For 5 < ▪  < 00 (Abramowitz and Stegun 1970,pp.4S2) YD 

J am — dY 

ID 
rx rx, 1 xl 

2g1(77)  Jo(75-) yDi 11/4  yDi  
j +‘ 

rx1 2 • • (--) 
Y3  

rx, 

yD 

...(3.7) 

Where J
11,(.. ) and J1( ) are Bessel functions of first 

kind of zern'and first rder rognerti,reiv 

rx -2p rx, 
g () - 

p=0 
(-1)P a  0 yD p 5yD yD" 

and 

rx, 9 
gl( -17t)  - E (-1)P  b (rx1)-21t. frx11 

P=0 
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the integral fee  
x1 manner : 

j 
o*yD dx is evaluated in the following 

The values of a and b are as follows : 

0 1.0 1.0 
1 0.159992815 1 C.319985629 
2 0.101619385 C.304858155 
3 0,130811585 0.523246341 
4 0.207404022 1.037020112 
5 ' 0.283300508 1.699803050 
6 0.279029488 1.953206413 
7 0.178915710 1.431325684 
8 0.065228328 0.596054956 
9 0.010702234 0.107022336 

rx 
For 2 < < 5, 

x2 f _ j( x N  
k ; X o fr_ j0(1t)dX jel(W)CLX ,..(3•8) x_ 

—1 
Evaluation cf 
x2 

rx f J0(7-)dx is done numerienlly and  
x1 . 

a  
x  J

0(20 dx is done using Eq.,(3.7) 
x2'   

17, 
because value of x2  is such that 76= > 5. , 



RESULTS AND DISCUSSION 

Let, 

TERM = [1 - f(e 1 -(P1-412)(1 + am(1-x2))  
2p2  

presented in Table (3.1) for aquifer parameters : 

T = 350 m2/day, 0 = .003, 0 = .1, a = 13,8/day. 

Ar t
saen Iron tho.tabloi  bc7ond x = 0.?9C1, 7741RNI = L. -8 - 

and EC 0.000001. Hence when x > 0.999 the value of , 

TERM can be taken as 1.x
1  for the above set of acdifer 

parameters is therefore equal to 0.999. 

Discrete kernel coefficients are zeneratec 4.7r 
the following sets of aquifer parameters 

m2/day 

r1/4 

0 

0.031 

Oy 

.03  

a 

1/dar,  

2Q4 31.0 

700.0 0.001 0.03 20.0 31.0 

Discrete kernel coefficients are generated when 

excitation and observation points are different. The 

generated discrete kernel coefficients are presented 

in Figs. 3.1 and 3.2. In Table
,  (3.2) discrete kernel 
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coefficients for drawdown in unconfined acuittS 'with-

out and with delayed yield characteristics having the 

following paraneters:T = 700,0 m2/day, 0 = 0.031; and 

T = 700.0 m2/day,.0 = 0.001, 0y. = .03, a = 20.0/day 

respectively have been presented for the purpose of ccn-

parison. 

The procedure described here can also be extended 

to evaluate the discrete kernel coefficients when the 

excitation and response points are same. Fig. 3.3 shcws 

a square grid from which unit quantity of water is with-

drawn during the first unit time period (and pumping 

stopped). In order to find the response at the centre 

of the grid due to the pulse excitation the grid is 

divided into 36 equal units as shown. It is envisaged 

that 36 wells are operating one at a time at the centre 

of each unit. Using method of superposition the drawdcwn 

at the centre of grid When all the 36 wells are operating 

simultaneously is obtained. Sum of the drawdowns is 

divided by 36 to arrive at the response due to unit 

withdrawl from the grid. The discrete kernel coefficient 

generated is designated as Orr(m). The orr(m) values 

have been plotted in Fig. 3.4. 

Using the present procedure the well function 

W(u 
ay  r) Dri(uay' E) is the well function of an ' D / D 
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unconfined aquifer having delayed yield characteristics], 

has beun evaluated for n = 10.0, E . 2.0 for different D 2  2ac  
values of ua and u (ua  - uy  - 4It  r °Y) and the same y - 4It'  

has been plotted in Fig.3.5. Also,the results obtained 

by Boulton (1964) for these aquifer paramters have been 

plotted in the same figure. 

In order to compare the well function for finite 

and infinita values of'7)7the results obtained by Eculton 

(1963) for a large vale of n (n > loc) have also been 

presented in Fig.3.5. It may be seen that the type curve 

for n > 100 deviates appreciably from the curve for -1=10.0. 

CONCLUSIONS 

An efficient method to evaluate type curves for 

drawdown in an, unconfined aquifer with delayed 

. yield for finite value of n has been deScribed. 

The discrete kernel coefficientsfor drawdown in 

an unconfined aquifer with delayed yield have 

been obtained. 



Table 3.1 Values of Imaml for different values of x 

TERM 

.9900001x10-1 .1267259 

.1990000 .4213664 

.2990000 .7086827 

.3989998 .888245.7 

.4989996 .9671624 

. .5989998 .9925374 

.6990000 .9986624 

.7990002 .9998023 

.8990004 .9999737 

.9990006 .9999961 

.1099001x10 .9999992 

.1199001x10 .9999997 

.1299001x10 .9999999 

.1399001x10 .999999? 

.1499002x10 .9999999 

.1599002x10 1.0000000 

.1699002x10 1.0000000 
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Table 3.2 Discrete kernel coefficients for drawdown 

in an unconfined aquifer 

Time 
In:  
days 

3 (with delayed 
rP  yield)77)(-71,o1) (with out 41ay.ed 

yield) -rn/C-n4 
** 

r 7  300m r = 600m +r = 300m r = 60C-2 
1 -4 .2711x10 .8445x10-6 .2510x10-4  .4372x10-6 
2 .3763x10-4  .5498x10-5 .3879x10-4  .5177x10-5  

.3023x10-4  .900x10-5  .3064x10-4 .9120x1C-5  
4 .2434x10-4  .1022x10-4  ,2451x10-4 .1036x10-4  
5 .2021x10-4  .1029x10-4  .2029x10-4  .1040x10-4  
6 .1722x10-4  .9925x10-5 .1728x10-4  .1001x1 C-4  
7 .1500x10-4 .9415x10-5 .1502x10-4 .9472x1C-5  
8 .1326x10-4 .8861x10-5 .1329x10-4  .8910x10-5  
9 .1189x10-4  .8335x10-5 .1191x10-4  .8370x1075  
10 .1077x10-4 .7843x10-5 .1078x10-4  .7870x10-5  
11 .9841x10-5 .7385x10-5 .9853x10-5 .7409x10-5  
12 .9062x10-5 .6973x10-5 .907flx-10-5  

* T = 700.0 m2/day, 0 = 0.0011  Oy= .03, a = 20.0/day 
= 700.0 m2/day, 0 = .031. 
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Fic 31 Discrete kernel coefficients for drawdown in an unconfined 

cquifar having ;cleitiyeti yieid excitation and response points 
are different. 
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3.2 Discrete kernel coefficients for dmwdown in an uncor'ned 

aquifer having delayed yield; excitation and respcnce points 

are different. 
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Fig. 3.3 Division of a grid into 36 units for evaluation of 

response when the excitation and observation poinrs 
are same 
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Fig 

• 

350 , 703 

o L' '001 7  '001 

Oyt '63 7 03 

CC: 20O7 200  / day) 

2 4 5 6 IC 
Time(days) 

7. 
. Discrete kern& aoeffidents for drawdown in an uncer'ined 

aquifer having delayed yield excitation and res:onse points 
are same. 
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