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A COMPARATIVE STUDY OF RAINFALL SIMULATION USING TRANSITIONAL
PROBABILITY MATRIX METHODS
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ABSTRACT
Daily rainfall values of North-kast monsoon from, September to ‘Decem-
ber (122 days) are used for the formulation of Transitional Probability
Matrices. Sixteen raingauge stations of Bhavani basin in India with leng-
ths of record ranging from 23 years to 32 years are analysed. Synthetic
generation is carried out using three different methods.

Daily rainfall values are converted into states by selecting suitable
class ingervals. Using the states thus arrived at transitional frequency
and hence cumulative transitional probability is worked out for each sta-
tion. In the first method, the class interval includeszero rainfall values
as state 1. Generation is done with rectangular distributed random num-
bers in conjunction with the transitional probabilify matrices obtained
continuously for one year.

In the second approach conditional probabilities are worked out
for dry/wet days being followed by dry/wet days. The transitional pro-
bability matrix is arrived at taking into account only days with rainfall

values greater than 0.1 mm. Synthetic generation is done in two parts.
First part decides whether a particular day is dry or wet using condi-
tional probability and rectangularly distributed random number. The

second part decides the state of a wet day using cumulative transitional
probability matrix.

In the third approach, wet and dry spells are identified in the
historic sequence and fitted with geometric distributions. The transitional
frequency matrix used in method 2 is used to fit two-parameter gamma
distributions. Generation is done in two steps. First wet or dry spells
are generated using the wet or dry spell distribution function. For wet
spell duration the state for each day is determined from the cumulatives
transitional probability matrix and rectangularly distributed random num-
ber.

The rainfall states  generated are converted into rainfall wvalues
using mid value of the corresponding class interval. Synthetic generation
is done for 100 years. The historic and synthetic rainfall values are
compared by the Chi-square test, the F-test, Students' t-test and the
median test and the results are discussed.

The first method gives best results except for the fact that the
variance of the generated series is less. The fact that wet and dry
spell sequences follow gecmetric distribution needs to be locked into
as the same is not true for many of the stations.

INTRODUCTION

The tremendons increase in the scope and scale of planningand develop
ent of water resources systsems has led to a proliferation of mathematical
models of hydrologic processes. The expanding rational hydrologic data
bases, advances in hydrologic research and computer technology have
provided an added impetus for the multiplication of hydrolegic models.
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ilie synthesis of a rainfall series at a point is used in many applications
The technique of the Markov chain is one of the approaches often adopted
for synthetic generation of daily rainfall, This study relates to such
applications,

METHODOLOGY

For the synthesis of 'daily rainfall series, using Markov Chain
Mcdels, three approaches 1(a), 1(b) and 2 are studied.

A first order Markov Model is written,as

pr(xt=xt/Xt_1 =__xt__1.....X1=x1) = pr(Xt=xtiXt_l=xt_1) (1)

1f xt—1= i and Xt = j, then the system has made a transition
from state i to state j at the tth step. The probabilities of the various
transitions that may occur can be written as:
P = La = = b
i pr (Xt xt/xt—l xt-l) P (
The transitional probabilities are estimated from the transitional
frequencies obtained from the historic data, using the following equation:,
P.. = 1f [F, (3)
ij ij" i
where fij represents the frequency of transition from state, i, at time,

t-1. to state, j, at time, t.

B = £ for i=1,2,.....,K (4)
i ]% ij

and K is the number of states.

In approach 1(a), using the cumulative transitional probabilities
estimated from the historic data and rectangularly distributed random

numbers, daily rainfall states are generated. The generated states
are then converted to rainfall values wusing the mean values of raintall
corresponding to each state. In this method. = day with a rainfall

less than 0.lmm is treated as a dry day and is assigned the state
3

In Approach 1(b), the conditional 'probabiiities wviz , the probability
of a wet/dry day being followed by a dry/wet day are estimated from
the historic data using the following relationship:

Py = pr (wet day/wetday) (5)

Py = Pr (wet day/dry day) (6]
Using a random number and the estimated conditional  probabilities .
the state of day, t, to be wet/dry is determined o the day., 1.
happens te be wet, then its state is identitied with another  apdom
number using the modified cumulative transitional probahiliry WaTria
The cumulative transitional probability matrix estimared in Appioach
1(a} is modified in such a way that the pretability ot «xiurrene
of a dry day for day 't', for any state, ! on dav 1 1, 38 zerc

In Appreach 2(Jovanovic et. al., Smith e1 al the 1ainjal!
seguence is represented by a series of ary spell Im days) and weil
speil (k days?, The probability distribution of length  of spells s

assumed to be geometric i.e..
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(k-1)

pr (x=k) = (l—pl) 7

pr (x=m) = Py (l—po){m—l) (85t

Then these probabilities are summed up sequentially to obtain
wet spell duration distribution function F(k) and dry spell duration
distribution function G(m). The transitional frequency matrix estimated
in Approach 1(a) is fitted by a series of two-parameter gamma distri-
butions, one for each state i, whose probability density functions are
given by

AL X2
N . _ . I

R R I Rl (9)
(o X R W, T

where )'i and }11 are the two parameters for each state i and rl is
a gamma function’ Using these two parameters the cumulative transitional

probability matrix is reconstructed.

Rectangularly distributed random number 1is used to read the
duration of wet and dry spells successively f{rom the corresponding
distribution functions, The reconstructed transitional probability matrix
based on two-parameter gamma distribution is modified as specified
in Approach 1(b) and then is used for the generation of rainfall values
with random numbers generated , for the duratior of wet spell alone,

DATA BASE

For the simulation of daily rainfall the data of sixteen raingauging
stations in Coonoor sub-basin of Bhavani Basin (Tamil Nadu, India)
is wused. Figure 1 shows the location of all the stations in Coonoor
sub-basin and the Table 1 gives the name of each station along with
the peried of record. For the purpose of analysis here, North-East
monsoon seasonal daily rainfall spread over 122 days from September
to December has been used. The data for this work has been obtained

from the Tamil Nadu Electricity Board.

COMPUTATIONAL PROCEDURE

To illustrate the methodology only one station out of 16 stations
viz., Carolina is selected. The generation process is carried out for
a period of 100 years,

Approach 1(a)

Daily rainfall values of Carolina for the monsoon season are grouped

into 18 intervals known as states as shown in Table II. The eighteen
states now constitute the state of the First Order Markov Chain Model.
Using equation (3), the transitional probabilities arc calculated =nd

hence the cumulative transitional probability matrix.
Approach 1(b)

For the station viz., Carol:ua,

No. of wet days given the previous day wet = 947

No. of dry days given the previous day wet = 568
i.e., No. of wet/dry days given the previous

day wet = 1515

562

No. of wet days given the previous day dry | =
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No. of dry days given the previous day dry & * 1795
i.e., No. of wet/dry days given the previous
day dry = 2357
The estimated conditional probabilities are:
pr{wet day/wet day) = 0.6251
pr(wet day/dry day) = 0.2384
pridry day/wet day) = 0.3749
pr(dry day/dry day) = 0.7616

The modified cumulative transitional probability matrix is prepared
as explained earlier.

Approach 2

Simulation of wet and dry spell sequences

The transitional frequencies as well as the conditional probabilities
of wet/dry days being folowed by wet/dry days at carolina are presented
in Table III,

From the historical records the number of continuous dry spells
and the number of, continuous wsat spells and their frequencies are found
out. The maximum length of dry spell (m) = 39 days and the maximum
length of wet spzll (k) = 20 days.

The theoretical probability distribution of wet spell with length,
k= 1,2,...,20 days and dry spell with lengths, m=1,2,....39 days
are found wusing equations (7) and (8) with p1:0.6251 and p0=0.2384.

The probabilities, cumulative probabilities and the frequencies of theoreti-
cal dry and wet spells are computed. The cumulative probabilities
of theoretical dry and wet spells respectively form the distribution
functions for the dry spell, G(m) and wet spell, F(k). These distribution
functions are represented in Figures 2(a) and 2(b). Simulation of dry/wet
spells is initiated by assuming that the first spell is wet.

Synthesis of rainfall values

For each rainfall state, i, the observed transitional frequency
is fitted by gamma distribution. The parameters, )\i am:l'l]i are calculated
using the following relations:

(10)

(11)

(12)

(13)
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for i = 1,2.. .,K and M] is the middle wvalue of rainfall interval.

Typical plots of observed and theoretical transitional frequency
as obtained from gamma distribution for the first nine states (i=1 to
9) are shown in Figure 3. The values of ?\.1 and Tli are plotted against

rainfall intervals as shown in Figure 4, Since the wvariation of A,
is small, a mean value, namely, A is taken instead of X .. The plot
of Y\l is fitted by a straight line and the values of M. are read for
each interval. The computations of A and Y}. are made on the above
lines for the remaining stations and all the values are plotted in Figure5.

Using the mean value of A and the interpolated value of "(].. the
cumulative transitional probabilities are estimated wusing equatipn (9)
and the cumulative transitional probabilities are modified as in Approach
1(b).

RESULTS AND DISCUSSIONS

The accgeptability of stochastic models can be judged by studying
whether the generated data fits wvery closely with the historic data

or not. The historic and generated data are compared by conducting
statistical tests such as Chi-square test, Student's t-test and the median
test. The summarvy of results of statistical tests are furnished in
Table IV

TABLE IV. SUMMARY OF THE STATISTICAL TEST RESULTS FOR HISTORIC
AND SYNTHETIC SEQUENCES

Sl. Parameter Test conducted Approaches
No. 1(a) 1(b) 2
1 Frequency of states Chi-square Test 16 16 Nil
2 Frequency of

wet spell Chi-square Test * 3 3
3 Frequency of

dry spel!l Chi-square Test * 1 Nil
4 Seascnal Rainfall F and t-test 4 1 Nil

5 Average wet days

in a season F and t-test 15 13 ¥
6 Seasonal rainfall Median Test * 16 8
Note: Figures indicate the number of stations for which the test has

been successful

* Test not conducted
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The historic and synthetic cumulative frequencies of states for
Carolina for all the three approaches are shown in Figure 6. The
observed and generated frequencies of wet and dry spells for two stations
viz. Carolina and Coonoor Tea Estate are shown in Figure 7.

The historic and generated mean and standard deviation for all
the stations using three Approaches viz. 1l(a), 1(b) and 2 are presented
in Table V.

CONCLUSIONS

It is clear from Tables IV and V that Approach 1(a) gives the
bdst results except for the fact that the variance of the generated
series is less.

Approach 1l(b) which requires computation of conditional probabili-
ties and modification of cumulative transitional probability matrix does
not improve the quality of the generated series.

In Approach 2 assumption is made that the wet/dry frequencies
follow geometric distribution (Jovanovic et. al., Smith et. al., ) but
it is found that this 1is not true for most of the stations analysed.
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